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We  study  the  boundary  value  problem  for  an  elliptic  equation  with  penalty 
terms*  This  problem  approximates  the  boundary  value  problems  with  three  types 
of  homogeneous  boundary  conditions;  i)  the  Dirichlet  boundary  condition,  ii) 
the  Neumann  boundary  condition,  iii)  the  mixed  boundary  condition.  We  discuss 
asymptotic  behaviors  of  the  solutions  of  the  above  mentioned  problems  as  the 
coefficient  of  the  penalty  term  tends  to  zero.  By  using  one  of  these 
properties,  we  can  approximate  the  outward  normal  derivative  defined  on  the 
boundary  of  the  approximated  problem  prescribed  with  the  Dirichlet  condition, 
which  is  efficiently  available  to  obtain  the  numerical  solution  of  free 
boundary  problems  of  various  types. 
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Asymptotic  expansions.  Penalty  methods. 
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1.  Introduction 

Lae  fig  ba  connected  domain  in  R2  with  eaooeh  boundary  T.  Take  Q  ao  as  to 
satisfy  (1)  (ii)  l*  *  eonn«etea  d°aain;  <■**■)  tha  measure  of 

is  positive  or  0^  is  unbounded;  (iv)  30  is  smooth  (see  Fig.l). 

Ka  shall  consider  the  boundary  value  problem  defined  in  Q  for  every  e  >  0  and 


Find  ♦*-  Uq  in  nfl,  such  that 


*1  ln(1l 


•**o  *  X0*0  “  f 


a**  ♦  c"28*0?  -0  in  Q. 
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0  on 

and 

*  0  (|*|  - 

/xj  +  x2~>. 

Here  n  Is 

the  outward  nornal  on  f 

to  (Iq  and  X^  is  a  positive  constant.  It  la 

found  In  Lions  ([3],  Chapter  1,  p.80)  that  the  boundary  condition  which  the  Halt 
function  of  p*  as  e-*0  satisfies  on  T  Is  classified  Into  three  types,  which 
depend  upon  the  relative  value  of  a  and  8. 

In  this  paper,  we  study  an  aaynptotlc  behavior  of  p*  on  T  when  c  Is  snail 
enough.  We  now  summarize  the  contents  of  this  paper.  Section  2  Includes  four 
Theorem .  In  section  3,  we  prepare  sons  Leonas  for  the  proofs  of  Theorem. 
Sections  froa  4  to  7  are  devoted  to  the  proofs  of  Theorem. 


2.  Theorems 

2.1  We  put 

(2.1)  K  -  (♦«H1(n)|*  -  0  on  JO  and  p*0  (|x| --)). 

Then  (l.l)-(l.S)  arc  reformulated  as  follows! 
find  **<  K  such  that 


(2.2) 


f  9p*7vdx  +  xJ  p'vdx  +  e2a« 

Jqo  no 


Vp'fvdx  ♦  c_2#. 


p*vdx 


F 

‘I. 


fvdx  , 


Vvt  K. 


There  exists  a  unique  solution  p*(fc  JC)  of  (2.2)  for  *f  4  H  2(0g).  Putting 
■  p1  In  (2.2),  we  see  that  pj  la  unlfornly  bounded  In  c: 

ii  ♦*  n!2n}  <<=<+. 

1*nn 


(2.3) 


(2) 


"n,E 


stands  for  the  nora  of  ▼  in 


l^(E). 


■  ■  ■  i 


■  -  -  ^ 

i:‘-4 

m 
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where  C  depends  upon  only  the  deta  f 


When  c  tends  to  zero,  we  can  extract  a  sequence  c  (n»l,  2,  ...)  such  that 

n 

(2.*)  *g"  *  *0  weakly  in  H^(fJg) . 

Then 

(2.5)  ♦o"  ♦  pg  strongly  in  H* (tJQ)  (Va<l,  [S]> . 

Let  v  t  Hg(Qg)  and  v  be  the  zero  extension  of  v  to  0.  Passing  to  the  Unit 
in  (2.2)  for  vtHl(fl)  yields 

(2.6)  |  V*°t7vdx  ♦  10|  *°vdx  -  |  fvdx,  Vv  €  H*(nQ). 

no  >ao  J°o 

frost  which,  we  have 

(2.7)  ♦  X0*®  ■  f  in  H"1^). 

If  we  assuae  f  €  H*“*(flg)  (a^O),  then  we  have 

(2.6)  ♦JtH*+l(n0). 

By  the  trace  theorea  (Nefas  [J]), 

0|  ■♦j  >*J 

(2.9)  *0|r*H  (r>  and  TT 

o 

Moreover,  *q  satisfies  on  T: 

(3)  a-l 

Theorea  1  Suppose  f*H  (f2Q)  (m^O). 

(a)  If  t  >  |  a  | ,  then 

01  *  +  T 

(2.10)  *g|  -  0  in  H  (D. 

(3>thia  theorea  was  proved  in  [3]  for  the  case  a  >  0  and  fl  >  0.  In 
thia  paper,  we  give  another  proof,  which  is  simpler  than  in  (3). 


(b)  If  A  •  a  >  0,  Chen 


a*; 


(1.11)  (-J  ♦  »J) 


-  o 


in  K  *<r). 


(c)  If  6  <  a  and  o  >  0,  Chen 


>* 


(2.12)  -r? 


Jn 


-T 

In  H  (f). 


Remark  1  There  alto  holds  i>.  • ,  ■  0  In  Che  ease  a  +  6£0  and  a<0  under  the 
assumption. 


2.2  We  now  state  our  main  result  as  follows. 

,m 


Theorem  2  Suppose  f  «H  (flg)  (m^O)  and  leC  c  be  small  enough, 

(a)  If  S  >  | <s | .  chen 


<\ 


(2.13)  *«|f  -  r  ♦  0(«2(“->+cB-3B  +  «2(tt+#))  in  H 


where  satisfies  (2.10). 


(b)  If  6  •  a  >  0t  then 


.♦± 


(2.1*) 


*eir  ■*Jr+  0(c‘a)  in  H  2 


(r) 


where  satisfies  (2.11). 


(c)  If  | B |  < a,  then 


(2.15) 


♦cir  -  r  ♦  o(«-s) 


■*7 

in  H  *<D 


where  satisfies  (2.12). 


SIM 


iw|»- 


2.3  By  using  (a)  of  Theorem  2.  we  have  the  regularity  results  shout  g*. 

It 

Theorem  3  Suppose  f  «•  H  (n^)  (k>,5)  and  lee  c  be  small  enough. 

If  S  >  | a | ,  then 


(2.16) 

II  #‘11  0  .  <0(e8-). 

W°*  (D 

(2.17) 

II  ♦*  II,.  <0(l  +  c"2a). 

wl*  (a) 

(2.18) 

II  ♦*  II  2  .  i  0(.-(3a+4) 

»  *  tej) 

2.4  The  motivation  of  this  paper  consists  In  the  Integrated  penalty  method 
presented  by  one  of  the  author  (2].  The  mathematical  justification  of  this 
method  was  done  In  the  sense  of  distribution.  If  we  use  (a)  of  Theorem  2,  we  can 
prove  the  key-point  of  this  method  In  the  framework  of  the  Soborev  space. 

Theorem  4  Suppose  ffrH*((l0)  (m>0)  and  let  c  be  small  enough. 

If  g  >  | a | ,  then 


(2.19) 


r(e)  ■"2,r 


Mere  s  stands  for  the  length  of  the  arc  along  T. 
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3.  Preliminaries 

The  ala  of  this  section  Is  to  give  soae  preparatory  leaaas  which  will  be 
needed  in  the  proofs  of  Theorems. 


3.1  We  first  introduce  some  operators  defined  between  traces  on  T. 
(1)  Define  the  mapping 


(3.1) 


1 

Tf  :  H2(D  9  a 


(D: 


+a  Is  the  solution  of  the  problem; 

(3.2)  -A*  +  X0*  -  f  in  nQ 

(3.3)  *lr  -  a 


where  ftH-"1^)  («>0). 


(11)  Define  the  mapping 
1 


(3.4) 


*'  :  H  2(r)  3b-*f  €  H2(D; 

b  r 


tf  la  the  solution  of  (3.2)  with  f 5  0  and  the  boundary  condition 
o 


(3.5) 


r  • b- 


(HI)  Define  the  nuipping 


(3.6) 


S*  s  HZ(D  3  a  -  -r±  €  K 

»n  r 


Is  the  solution  of  the  problem; 


-  c 


a+B 


"1 

i 


(3.7) 


Ap  ♦  p  «  0 


in  fl, 


I 


0.9) 


♦'an  -  0 


and  9-0  (1*1  -  ->• 


We  danota  T*  S*  and  R*  by  the  raatrietlon  of  T.,  S*  and  R  eo  M  (T).  Rut  we 
fan  • 

abbreviate  the  suffix  m  hereafter. 


3.2 


•4 


1  Let  a,  b  be  arbitrary  in  H  <0.  Than 


.a 

0.10) 

Tf(a)  -  Tf(b)  -  TQ(a-b) 

where  T 

0  i*«,UM  Tf-0* 

hi 

Proof 

Let  (Y  -  a,b)  be  the  aolutlon  of 

►  , 

(3.11) 

*lr  -  T. 

»v 

•V 

Put  f  • 

*  .  Y  aatlaflea 

a  d 

1 

0.12) 

-l»  +  Y  •  o  lm  Ofl. 

(3.13) 

Y|f  -  *  -  b. 

L 

i 

Then 

p 

t;y 

0.11) 

• 

S|r-v-»- 

1.*. 

On  the 

other  hand. 

is 

(3.15) 

8|r  •  %|r  -  Tr|r  •  V> 

Fro*  (3.11)  and  (3.15)  follows  (3.10).  Here  we  should  note  that  TQ  la 


linear  and  T{  la  non-linear. 


Looms  2 


•4. 


T.  and  S  are  homeomorphic  from  H  40  to  H  40  and  R  la  hoemooorphic  from 

i.i  .4 


"  T  2 

H  (D  to  H  (D  for  any  a^O. 


■■ 

.•  i 

■8 


'  A 

■A 


■i 

.1 
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“I 

1 


■oo 


1  Tj  la  Injective  from  H  (r)  Into  H  (I*).  In  fact,  let  a,b  6  H  (1*) 
(abb).  Suppose  tj(a)>T^(b).  Then,  by  (3.10) 

0  -  Tf(a)  -  Tf(b)  -  TQ(a  -  b)  *  0 

becauae  of  the  strong  maximum  principle  under  the  assumption  X^>  0.  This  la 
a  contradiction. 

®+y  -A 

2*  T,  is  surjective  from  H  (T )  onto  H  (I").  In  fact,  we  choose  any 

-7 

b  *  H  (T).  Then,  the  following  problem: 


(3.16) 


-A*  +  X0*  -  f  In  nQ 


(3.17) 


¥■  -«• 
an  r 


hss  *  unique  solution  if  X0>0,  which  satisfies 


(3.18) 


■+7 

*b|r«H  Z(D  and  b-Tf(6b|r). 


-1  *+  2  *“  2 
3*  It  la  checked  that  T^  and  (T^)  are  continuous  between  H  (T)  and  H  (T 

(see  (11). 


6*  Summing  up  1*,  2*  and  3*,  we  see  that  T,  Is  a  hoaeomorphism  froa  H  (O 

-7 

onto  H  (T).  The  repeated  use  of  the  above  arguments  gives  that  (R  )  an 

.♦A  -A 

C  2  2  I 

S  are  also  homeomorphlc  between  H  (T)  and  H  (T).  | 


3.3  Here  we  give  the  estimates  of  the  norm  of  RC  and  SC,  which  are  crucial  for 


the  proof  of  Theorems  1  and  2. 


Lemma  3 


Let  c  be  small  enough  and  suppose  B£a  and  a£0.  Then 


(3.19) 

(3.20) 

and 

(3.21) 


Proof  Using  Creen's  formula  in  chc  problem  defining  RC ,  we  have 

(3.22)  e8_a-|  (|^9|2  +  X0|*|2)dx  +  |^|*|2ds  -  j^aPda. 

From  (3.22)  it  follows 

(3.23)  Ht  II 0fri  H*»0lr 
and 

(3.24)  e6”°  lit  II,  <  11*11  x  • 

2-r  :i»r 

Using  the  standard  technique  to  raise  up  the  regularity  property  of  the 
solution  of  partial  differential  equations,  we  obtain  (3.19)  and  (3.20). 

"+2 

Rewriting  (3.5)  with  an  aid  of  TQ  end  Re,  we  have  for  va  €  H  (H 

(3.23)  ||  R* (a) -aj|  ,  -  e8*°  ||T0Re(a)  ||  r 

• -j • r  ■- j • r 

"  0(tB~*)  ||  R*(.)  ||  . 

m  +  j,  r 

.0(^^)110  11  .  (by  3.20). 

m+k,  r 


r 


c 

Her*  4  (x^.Xj)  la  the  solution  of  the  problem  (3.7)  —  (3.9).  Then  4  setiafles 


(3.30) 


>2Cc 


^♦e-2('*>.(l  +  4,2|<|2,2<"*>)? 

»*1 


in  R2. 


(3.31)  *Clvo-S- 

Solving  (3.30)  and  (3,31),  we  have 

(3.32)  4®  -  a*exp(-c"<a+fl).(l+4*2*U|2c2(a+e>)^  xl). 

From  (3.32) 

(3.33)  f£j  -  S*U)  -  -e"<a+fi>*a  +  4»2-|t|2-t2(o+B))2*  a. 

l'xx-0 


Me  compute 

(3.34)  c,Au,(H).i 


-  te(a+B)u- (U4«2.ui2.e2(a+e))2 )  a 

iei2-c*+*a 

i  *  . 

H-(l+4w2*U|2c2(o+8))2 


-4.2.ea. 


From  (3.34),  it  follows 


(3.33)  |"  (l+4»2*  | ( | 2)*  2|e®S^ +  e0(a"8)«a|2  d( 


I 


» 


16/.t2»p  Lilb"- T-UI2-*2 (Q*B.: Ui!i lsl2  dt 

U+(l44»2.U|2c2<a+8))2  )  2 


I 


-11- 


L«t  t  *  0.  Then  we  conclude  (3.48)  with  an  aid  of  (2.3). 
n 

4.  Proof  of  Theorem  1 

(a)  Let  o  "0  and  8  >  |o|  in  the  assumption  of  Lemma  6.  Then  o  "0  +  8  >  0  and 
(3.48)  becomes 

€  '  -I 

(4.1)  t“‘®*I{(tfn)  +  'fa  -  0  strongly  In  H  2  (D. 

By  (3.42)  and  (3.43), 

(4.2)  <f°  (-  *J|  )  -  0. 

(b)  Let  o  ■  8  >  0.  Then  o  ■  2a  >  0  and  (3.48)  becosws 

«n  «.  4 

(4.3)  Tf(<fn)  +<fn  *  0  strongly  in  H  *  (D 

which  Implies 

(4.4)  Tf(yP)  *9°  -  (^7?  "■  ♦o>L  "  0 

by  the  definition  of  Tg  and  . 

(c)  Let  P*l,  o  »  8  and  a  >  0.  Then  o  »  2a  >  0  end  (3.48)  becomes 


(4.5) 

Tf(f ")  ♦  «“**•«/ "  -  0 

strongly  In  H 

from  which 

(4.6) 

0 

W>  <•  TT  r>  *  0 

_1 

In  H  2  (T) . 

Combining  (2.8)  with  the  results  obtained  above,  we  conclude  (2.10)-(2.12) 


S.  Proof  of  Theorem  2 


5.1  Using  (3. *9),  th«  problem  (l.l)-(l.S)  Is  transformed  Into  the  following  one: 

-4 

rind  a<H  (D  such  thee 

(3.1)  Tf(a)  -  e^-s'U). 

Hereafter  we  call  (3.1)  the  transmission  equation.  As  a  matter  of  fact,  the 
solution  of  (3.1)  Is  equal  to  the  trace  g*|r  of  the  solution  of  the  problem 

(1.1) — (1.5) . 

3.2  Let  b  be  arbitrary  In  H  (f).  Than,  combining  (3.1)  and  (3.10),  we  have 

(5.2)  Tfl(a-b)  "  t2a‘s*<*>  •  -Tf(b)  £  K*  *(!•). 

Let  us  begin  to  prove  (a).  In  which  S>  |a|  la  aasumed.  By  (a)  of  Theorem  1,  we 
have  p®Jr«0.  Therefore  we  choose  b»0  In  (3.2).  On  substituting  (3.27)  Into 

(5.2) ,  we  get 

(3.3)  TQ(a)  ♦  c®"*.a  -  c^S^a)  -  -Tf(0),  or 

t#”**T0(a)  ♦  a  -  «•*.  Sj (a)  -  c#'°-Tf(0) 

where  S*(a)  ■  S*(a)  ♦  c'^la. 

The  definition  of  Rc  allows  us  to  rewrite  (3.3)  by 

(3.1)  a  •  ta4*Vs*(a)  -  t6"®-»‘(T((0)). 

Let  c(>0)  be  small  enough  in  (5.1). 

Using  Lemmas  2,  3  and  1,  we  see  that  the  mapping  c®**- R*S*  becomea  the 

contraction  mapping  from  H  (D  onto  Itself  If  c  Is  small  enough  and 
»>e>  --j  . 

Indeed, 


15 


(5.3) 


(by  3.19) 


«a4fl||  ReSe(«)  ||  «  0(c2“)||  SC(.)  || 

*  +  y.r 


1 

2  * 


r 


<  o(.3“4B)||.|| 

■  ♦•j.  r 


(by  3.22) 


On  the  ochar  hand,  by  (3.21) 


(3.6) 


R*(Tf(0))  -  Tf{0)  +  Ott^)  In  H  2(f). 


-i 

Hara  we  note  that  Tf(0)  should  be  Included  in  H  (2).  Therefore ,  ve  have  to 


assume  f  6  H  (fJQ) . 


Summing  up  (5.4),  (5.5)  and  (5.6),  we  have 
(5.7)  a  -  *C|r  -  (I-ca+8-Res')-1(-eB-a*Tf(0)  +  0(e2(8'®>)} 


-  -eB_a*Tf(0)  +  0(e2(B-a)  +  C2(a+B))  in  h  2(T) 


if  B»a>-±8. 


•2a  c  — 1 

We  reeiove  into  the  case  -o  <8^-3  .  Operating  c  •  (S  )  on  both  sides  of 


(5.2),  we  have 
(5.8) 


a  -  t'2a(S*)'lT0(a)  ♦  t"2“(SC)'1(T{(0)). 


Let  «  ( »  0)  be  small  enough.  Then  c  2*(SC)  2Tg  becomes  the  contraction  mapping 

from  H  *(T)  onto  itself  if  a  «  0  and  a+B>0.  In  fact,  the  boundedness  of  Tg 
and  (3.28)  yields 

(3.9)  t"2®  || (St)“1T_(»)  ||  .  «.0(t"2®)  ||a  ||  . 

0  m^j.r  m+|,r 


Therefore,  by  using  (5.8),  (5.9)  and  (3.29),  we  have 


.  /. 
. '  v 


Y-- 

I* 


(3.10) 


-  **lr  -  (l-t“2*(Se)"1T())“1(-«a'<'Tf(0)  ♦  0(e®*38)} 


o*38. 


-  -c^TjtO)  ♦  OU8*3"**®438)  in  H  2(r), 

It  o  +  8  >  0  and  a  >  0. 

Combining  (3.7)  and  (3.10),  wa  obtain  (2.13). 

3.3  Wa  ahall  prove  (b)  of  Theorem  2,  In  which  a«6>0  la  aasumed.  From  (b)  of 
Theorem  1  follows  Tf  (*q)  *  *q  ■  0  on  T.  Chooae  b"8®L  In  (3.2).  Then  we  have 


(3.11) 

By  (3.27),  we  have 


T0(a-*®)  -  e2V(a)  -  -Tf(*°)  "  *o 


(3.12)  Tfl(a-8®)  ♦  a  -  -  e2®*sj(a) 


where  S*(a)  ■  S*(a) +e-2*a.  By  use  of  8*  with  o«8. 


(3.13) 


a  -  tg  -  *2Vs*(a). 


2m  ■  ♦4 

Then  ti*'llcsj  becomes  the  contraction  mapping  from  M  w)  onto  Itself  If 
t>0  and  c  la  email  enough.  In  fact,  by  (3.19)  and  (3.27),  we  hava 

_2o  ii  «t_c  / a  _ 


(3.1*) 


*  ll**S*(.)  ||  -  0(c"®)  ||.  ||  j 

1  m+j,r  m+-|.r 


Therefore  we  have 


.♦4 


(3.13) 


a  -  *‘|r  -  (I  -  c2®*csj)"l*2  -  ♦  0(t4®)  in  H  2(T).  | 


r.  » 


3.*  Now  we  are  in  the  final  step  to  prove  (e).  In  thla  case,  o>8  and  o>0  are 
assumed,  (e)  of  Theorem  1  gives  us  Tj(9q)«0.  Put  b*#®|r  In  (3.2).  Than  we 


have 

(5.16) 


T0(a-*®)  -  -  -Tf(#®)  -  0. 
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■*.  .—.a.. 


K.t  -  •  . 


Operating  (Tg)”*  on  both  aide*  of  (3.16),  we  have 


(5.17) 


"  *0  “ 


2®/-  .-!»*/  2a  .-l,t,.0. 

c  (Tq)  S  (a  -  *0)  ♦  e  (T0)  S  (*0) . 


2ft  «i  c 

Bepeating  tha  similar  arguaanta  aa  in  tha  proof a  of  (a)  and  (b),  c  • (T^)  g 

become*  tha  contraction  napping  from  H  (T)  onto  ltaalf  If  a > 6  and  *  la  aaall 
enough.  Than  wa  have 


(5. IS) 


a 


♦J  a  {l-t2a(T0)Ser1{c2B(T0)'lSe(6j)) 

♦2  ♦  0(«-*)  In  N  2(f). 


6.  Proof  of  Theorem  3 

6.1  Aaauaw  f  «Hk(t^)  (k£y)  and  6»  f a | .  Then,  fro*  (2.7)  and  (2.10),  wa  have 

<*.»  ♦?  «  HJ(V  n  1,11+2 (V* 

k  +  7  k.i  » 

6H  ‘(Dn*  '  (T)  (0<«<1). 

r 

By  ualng  (2.13)  and  (6.2),  wa  hava 

k  +  — 

(6.3)  p*|r  -  0(c#-°)  In  H  2(T)  n  ck”l,*(n. 

By  applying  tha  naxlnun  principle  to  the  problan  (1.2),  (1.3)  and  (1.3)  and 
ualng  (6.3),  wa  obtain 

(6.6)  ||  pf  ||  iOU^). 

1  0(^1 


(6.2) 


)n 


Wt  compute  on  r ; 


I 


where  a  la  Che  arc  length  of  r . 
By  (6.3),  wa  have 


(6.6) 


TT"k  i 

h  2  '  r 

from  the  definition  of  S*,  we  have 

^i|  -  s*<p£|  )  €  Hk  2(r>. 


(6.7) 


)n 


By  (3.27)  end  (2.13), 


(6.6) 


^i||  .  II  x  iO(a'2#). 

Jn  k-i,  r  1  h+'j ,  r 


Combining  (6.6)  and  (6.8), 

(6.9)  Hvrfll  x  i0(«*to). 

1  k--|.r 

Similarly,  we  have 


(6.10) 


))V* 


beceuae  of  (6.*).  ♦*!  6H  *(»0) 0Ck  2,4(»0). 

1'jq  ,R,»n 

Bwt  T*  Then  T*  aatiafiea 

(6.11)  _t2(o+6) jjt  +  ,*  .  o  lB  Ti¬ 
pton  the  naxiaun  principle  together  with  (6.9)  and  (6.10),  it  follows 

(6.12)  II V  6*  II  £  0(1 +  c"2*). 


•js 


u 


Mere  we  have  to  aaauM  hi*  to  obtain  the  good  regularity  of  p*.  Repeating  the 
clellar  arguoent,  we  have 
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>2,e 


(6.13)  II  “hr H  <0(c-(3o+8))  <k>S). 


i  1  - 

1  3  CO^) 


7.  Proof  of  Theorem  4 

In  the  final  section  we  give  the  proof  of  Theorem  4  under  the  drastic 
assumption.  Suppose  ■  R2. 

In  the  same  way  as  In  1*  of  the  proof  of  Lemma  4,  we  transform  p*  into  p*. 

'rV 

Then  p  satisfies 

(7.1)  *,(*1  .  O  -  *‘|x  .0*exp{-e_<o+8)(l  +  4«2.|c|?e2(a48))2  In  R2. 

By  (2.13)  of  Theorem  2,  we  have 


(7.2) 


A 


v° 


B~o  3*0 

- 


+  •••  in  H  ‘(r). 


x^-0 


By  substituting  (7.2)  into  (7.1),  we  have 

<>.»  KO  ■  4,  *  £?<«,  •  Od*i 


*x. 


V°  (l+4w2.|C|2.«2(0+B))T 


We  compute 


(7.4) 


KO  + 


»*0 


»x 


V° 


.  2  2(a+B) 

•  4*  •«  ■ 


in: 


(l+4«2-U|2-«2(0+6))  (l+(l+4t2-|£|2c2(a48))) 


•4 


1 
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Froa  (7.4),  w*  hava 


(A.  5) 


2(o+«) 


»v 


7J+  a(0*u2>  *c  •  -*e<ul*u2> 


in  *7 


(A. 6) 


Uj"0 


-  0  and  -►  0  («j  *  +*  ^  • 


(A.  7) 


Solving  (A. 5, 6)  and  computing 

-c2<‘*X  +  «(u1,u2)^  -  e2***”-,2^). 


we  can  construct  the  equation  which  <>*  satisfies  in  the  following  way 


(A.  8) 


-2„2 

2(a+fl)  3  *c 


,2.2  _  1, 


»u 


Y  +  a(0,u2)  *e  -  ge(u1,u2). 


(A.  9) 


Uj-0 


-  0  and  *  0  (u2*+“). 


Using  the  cascade  system  defined  above,  we  can  obtain  (n«0,  1,  2, 
2*  We  put 
(A.  10) 

and 


e*  -  +  c2(a+«>.^  +  ...  +  ,2»<"*>.p» 


(a.  id  we  -  -  ec. 


Then  v(  satisfies 


(A. 12) 
(A. 13) 


2(a+8)  .  .  ,  .2  _,.(n+2)(o+6).  _2 

-e  *8we  +  a(uA,u2)  w(  ■  0(t'  )  in  , 


i  I  "0  and  w  ■*  0  («,♦♦•). 

*^-0  e  2 


From  (A. 12,13),  we  have 
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